Abstract. Gravity currents are a ubiquitous fluid dynamical phenomenon which involve the horizontal spreading of fluid masses under their own weight or buoyancy. A theoretical model is developed to account for the effects of bulk cooling on the dynamics and morphology of geological gravity currents, with particular focus on mantle plume heads spreading beneath the lithosphere. As many geological gravity currents (e.g., plume heads and lava flows) spread, they cool and thereby become more viscous and dense. All gravity currents initially spread at the same rate as the isothermal currents predicted by Huppert [1982]. However, currents with temperature-dependent viscosity and/or buoyancy eventually go to a much slower spreading rate than the isothermal currents. Moreover, unlike the isothermal gravity currents, cooling variable-viscosity and/or variable-buoyancy currents do not conserve shape as they spread. Both constant volume and constant volume flux currents with strongly temperature dependent viscosity develop steep-sided fiat-topped, plateau shapes which become more rounded once the currents lose most of their heat. Currents with temperature-dependent buoyancy develop inflections or even extensive swelling at their flow fronts. The surface expression of the edge-steepening effect in mantle plume heads is likely to be filtered by lithospheric flexure but may contribute to the flattened plateau shape inferred by Wessel [1993] for the Hawaiian swell. The frontal inflation effect due to variable buoyancy may contribute to the dual-lobe structure of the Hawaiian swell gravity anomaly and suggests an alternate physical mechanism for forming the torus-or horseshoe-shaped geochemical patterns in the Galgpagos and the Marquesas hotspots. Perhaps most significantly, the gravity current model also predicts the thermal (i.e., degree-ofmelting) pattern for Galgpagos and Marquesas hotspots more readily than the traditional entrainment models.
Introduction
Many hotspot structures are often thought to result from processes occurring to mantle plumes or plume heads in the deep mantle. Individual volcanic islands on hotspot tracks are typically attributed to a tilt instability in plumes being sheared by plate motion [Skilbeck and Whitehead, 1978; Olson and Singer, 1985] Griffiths and Campbell [1991b] , who showed that the spreading rate of plume heads surrounded by a more viscous mantle is controlled by the viscosity of the surrounding mantle, not by the plume viscosity, as assumed in the gravity current theory [see also Koch and Koch, 1995] . Although Olson's model was found by Ribe and Uhristensen [1994] to be valid in numerical models of thermal plumes, their study was itself only for a factor of 30 viscosity contrast between the mantle and plume.
The applicability of gravity current theory to plume heads has been most recently advocated by Phipps Morgan et al. [1995] , who considered the material properties of plume heads as they reach the base of the lithophere and undergo partial melting. The melted component is presumed to percolate into the overlying lithosphere, while the larger remaining portion of the plume head is depleted in volatiles and consequently has higher viscosity than before melting. This volatile-depleted plume head is likely to have higher viscosity than surrounding asthenosphere, thereby satisfying the criterion for gravity current flow, in which the current's flow is controlled by its own viscosity. Moreover, the Phipps Morgan et al. [1995] hypothesis predicts an appropriately low geoid-to-topography ratio for the Hawaiian swell, which few models achieve [see Sleep, 1990 ; Olson, 1990; Ribe and Christensen, 1994] . The low geoid-totopography ratio occurs because buoyant melt injected into the lithosphere effectively causes rejuvenation, and the higher-viscosity buoyant plume head induces more lithospheric thinning than was previously assumed and thus resides at shallower depths.
Cooling in geological gravity currents has been considered previously, mostly in the context of lava flows. In lava flows, crust formation possibly keeps the flow interiors nearly isothermal and hence isoviscous except for a strong skin [Crisp and Baloga, 1990; Fink and Griffiths, 1990, 1992; Griffiths and Fink, 1993] . This notion, however, was challenged by Stasiuk et al. [1993] , who contend that crust formation for many actual lava flows is negligible and that bulk cooling is the dominant thermodynamic effect. Fundamental gravity current theories which account for bulk cooling, as appropriate for mantle plumes and possibly lava flows, are rare.
Although Phipps Morgan et al. [1995] included thermal buoyancy in the total plume head density anomaly, cooling was not considered. The influence of cooling was considered by Stasiuk et al. [1993] , who presented empirical scaling laws for bulk viscosity and spreading rate in the presence of heat loss, and Sakimoto and Zubet [1995] , who examined the influence of cooling on viscosity by prescribing viscosity to decrease uniformly as t n, where t is time and n is an arbitrary constant. A theoretical model using more self-consistent thermodynamics for the cooling of gravity currents with variable viscosity was introduced by Bercovici [1994] . This model demonstrated that thermoviscous effects can induce significant variations in the evolution and shape of gravity currents. However, this theory did not account for the loss of thermal buoyancy, which is likely to be a significant effect in mantle plume heads. In this paper we expand on this latter theory by including the effects of thermal buoyancy.
Theory
In this section we present the derivation of the general gravity current theory from the basic equations of motion and energy. The final nondimensional equations governing the evolution of the gravity current's thickness and temperature are given by equations (18) 
where r is radius, z is height, P is pressure, v• is radial velocity, and p is dynamic viscosity. Viscosity is temperature dependent and described by a simplified rheological law [Bercovici, 1992 [Bercovici, , 1994 , -+ where Ph and Pc are the viscosities of the fluid at the hottest and coldest temperatures, respectively (thus pc > ph), Ap -p•-ph, and 0 is the dimensionless temperature of the current (see Table 1 ). This inverse dependence of viscosity on temperature facilitates an analytic derivation of the theory, yet still captures the essential physics of viscous fluid behavior, i.e., that thermal fluctuations cause the largest viscosity anomalies when the fluid is at its coldest.
To derive a nonisothermal gravity current theory in the simplest possible manner, we assume that 0 < 0 _< 1 within the current and 0 -0 at its horizontal boundaries. In using isothermal boundaries we essentially assume the gravity current is bounded by a medium with infinite thermal conductivity; in fact, the surrounding medium (especially in the case of mantle plumes) may differ little in conductivity from the current. The partially insulating effect of the outer medium may be offset somewhat in the mantle environment, because a plume head spreads beneath the lithosphere, which, with its steep thermal gradient, conducts heat to the surface relatively rapidly. The horizontal boundaries are at z -0 and z --H, where the lower boundary is deformable (thus H -H(r,t)). For application to mantle plumes we describe the current as spreading beneath a solid boundary under its own buoyancy. However, the gravity current theory presented here is still applicable to surface flows when buoyancy is constant. Given that 0 -0 at the top and bottom boundaries, we assume a parabolic temperature profile as a first-order approximation' 
where Apc= p2-pi is the chemical density contrast between the gravity current and the underlying medium, ApT = p•aAT is the thermal density contrast within the current, and Zo is some reference depth beneath the current (i.e., Zo > H). Substituting (5) and (2) Information about the radial velocity boundary conditions on the deformable surface is contained within the constants C and 5It. A free-slip boundary at z --H is appropriate for surface gravity currents (e.g., lava flows) or if the viscosity of fluid adjacent to the free surface is less than or not greatly different from the current's viscosity [Huppert, 1982] . This condition is therefore also appropriate for plume heads as described by Phipps Morgan et al. [1995] .
We include discussion of a no-slip condition at z = -H to show that it does not lead to a set of equations significantly different from the more widely accepted free-slip condition. A no-slip boundary at z --H is only partially appropriate for plume heads spreading into a higher-viscosity medium; i.e., it gives an incomplete description of all the forces on such a plume head. Although it approximates the drag of the high-viscosity medium on the horizontal free surface of the gravity current, it does not account for the normal stresses on the edge of the gravity current as it propagates into the outer medium. These normal stresses are important for controlling the spread of gravity currents, as noted by Griffiths and Campbell [1991] . The normal stresses are somewhat approximated in the present theory by the presence of a cold, high-viscosity plug at the edge of the gravity current. However, this effect is only a proxy for the true physics, assuming the high-viscosity plug has a viscosity comparable to that of the outer medium; even so, the plug effect is only significant after cooling becomes substantial and is therefore not present in the plume head's early evolution.
The use of channel flow theory in (1) and the hydrostatic approximation leading to (5) are valid as long as horizontal variations in H are much greater than H itself. This "long-wavelength" or "small-slope" approximation is violated by all gravity current theories near the edge of the current [Huppert, 1982] . Given this and our assumptions about the vertical temperature profile, experimental verification is desirable. Basic gravity current theories predict experimental gravity currents remarkably well [e.g., Huppert, 1982; Didden and Maxworthy, 1982] . In this paper we will also compare, to the extent possible, the features of our theoretical gravity currents to experimental ones, in particular the laboratory gravity currents of Stasiuk et al. [1993] .
Continuity
The rate of change of the thickness of the gravity current is prescribed by conservation of mass; i.e., respectively (see Table 2 Currents with both variable viscosity and density begin with fiat, steep-edged profiles. However, after some time the flow front swells, eventually retaining the maximum thickness. The current's center becomes a region of minimum thickness, in stark contrast to the constant density currents.
The evolution of the gravity current's temperature field is notable. For all the currents, and especially the isoviscous ones, the temperature field essentially reaches an equilibrium, Gaussian-shaped profile with a dimensionless half width of unity. The currents with variable viscosity continue to thicken with time, thereby becoming more self-insulating and thus allowing the temperature profile to propagate very slowly beyond r = 1. Nevertheless, the approach to equilibrium of the temperature field causes a distinct bifurcation in the evolutions of the variable viscosity and/or density gravity currents. It is at this point that the temperature field no longer propagates with the gravity current; the current thus thickens and/or changes shape to be able to 
Comparison to Laboratory Experiments and Applications to Lava Flows

Stasiuk et al. [1993] presented laboratory experi-
ments for cooling surface gravity currents with temperature-dependent viscosity. In these experiments, room temperature glucose syrup was ejected at a constant rate onto the flat base of a tank filled with a colder aqueous solution. Crust formation was therefore suppressed in these experiments and in this regard they are comparable to our theory. The most important test of our theory concerns our two main assumptions about loss of heat out of the gravity current. First, we have assumed that the vertical temperature profile adjusts to a parabolic shape rapidly when the gravity current first starts to spread. Second, we assume that the horizontal boundaries are isothermal; this condition is equivalent to having the boundaries in contact with an infinitely conducting medium, whereas in fact the surrounding medium does not have any higher thermal conductivity than the gravity current. Both assumptions therefore lead to excessive heat loss, especially near the beginning of the current's evolution. In this regard, the experiments of Stasiuk et al. are a good test, since the laboratory gravity currents were surrounded by fluid of similar composition (i.e., mainly water) and thermal conductivity (although the effective conductivity of the surrounding fluid was most likely increased by free convection). However, the laboratory currents are continuously supplied, and their density contrast with the surrounding solution was 
Conclusions
In this paper we have presented a theory for cooling gravity currents which allows for temperature-dependent viscosity and buoyancy. Variations in viscosity are particularly important for many geological fluid mechanics problems involving either the liquid or subsolidus flow of silicates. Thermal variations in density are important for buoyant mantle plume heads spreading beneath the the Earth's lithosphere. The most salient features of our cooling gravity current model are as follows:
1. Before cooling is significant, the gravity currents spread with rates comparable to isothermal gravity currents. Once cooling ensues, the spreading rate slows considerably. This effect causes constant volume currents to collapse more slowly and constant volume flux currents to grow as much by thickening as by spreading, in contrast to the isothermal constant flux currents, which grow exclusively by spreading [Huppert, 1982] .
2. Gravity currents that have only temperaturea parabola may be important. This is particulary true if the gravity current is initially isothermal; i.e., such a gravity current will develop extremely thin thermal boundary layers when it comes into contact with the colder boundaries. However, because these thin boundary layers have large thermal gradients, they conduct heat out of the gravity current rapidly and thus they thicken relatively quickly. It should be noted, however, that the initially isothermal mantle-plume head is a worst-case scenario; plume heads will generally have been in thermal contact with the surrounding mantle for millions of years before reaching the base of the lithosphere and will thus not have perfect isothermal profiles (unless internal mixing is very rapid [cf. Griffiths and Campbell, 1990] ). Nonetheless, the validity of the parabolic profile is best tested by considering the worst case. Thus, if the fluid in the channel starts nearly isothermally except for extremely thin boundary layers near the top and bottom of the channel, then at issue is how quickly these boundary layers fill the fluid channel to yield an approximately parabolic profile. This problem can be addressed in two stages. First, we consider an unmoving thin layer of matter that is initially at a uniform temperature and subjected to colder boundaries. We then determine how quickly the boundary layers in a portion of the medium thicken in relation to how quickly all the heat from that portion is lost. Second, we look at the effect of the boundary layers being embedded in fluid layers which move sluggishly because they are adjacent to a no-slip boundary and/or have We finally wish to examine the accuracy of the rela- Table B1 .
